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1 Introduction

This document contains a concise mathematical summary of the structures, operations and relations of IBML [IBUKI Modeling Language]. Companion documents motivate and illustrate the concepts and use of IBML, the syntax for describing IBML models and an implementation.  The structures defined here are the basic building blocks of IBML from which we construct both the objects to be modeled and the constraints among them. These data structures were defined with two specific goals in mind: first, they provide a rich environment for modeling objects, dynamic scenarios, collection systems and configuration problems. And second, models can be looked at as simple kind of tree that can be efficiently implemented in real programming languages.  To bridge the gap between models (mathematical structures) and implementation, we use a structure called an annotation.   Annotations are used to decorate other data structures with auxiliary/intensional information that can guide/control processing.

2. The Sort Structure of IBML

The universe U is made up of the following sorts of data:

    Basic Sorts  -- self-contained data independent of other elements:

        Boolean, Integer, Float, String, Symbol

    Collections -- collections of elements from U
        FiniteSet -- single occurrence no ordering

        List  -- ordered collections multiple occurrence

    Representations -- structures used for describing types

        Node -- descriptions of types 

            Leaf < Node -- terminal points in the tree structure

                DLeaf < Leaf -- descriptive leaves

                VLeaf <  Leaf --  leaves with values

            Tree < Node -- interior nodes of tree structures

        Branch -- labeled nodes

    Auxiliaries

        Annotations -- finite maps from symbols to values  

        Paths  -- lists of symbol used to select nodes from a node

We treat sorts as unary predicates and thus for any element u of U we write Boolean(u)  if u is an element of the sort Boolean, etc.

For sorts S, S' we write S < S' to indicate that S is a subsort of S', that is, that every element of S is an element of S'  ((( u)(S(u) ( S(u')).   Boolean, Integer, Float, String, and Symbol are pairwise disjoint sorts, each disjoint from any collection or representation. FiniteSet and List are disjoint sorts disjoint from any representation.  VLeaf, DLeaf, Tree, and Branch are disjoint sorts.  Leaf is the union of VLeaf and DLeaf, Node is the union of Tree and Leaf, and U is the union of all the atomic, collection and representation sorts. The subsort relation is transitive.  Thus DLeaf is a subsort of Node.   The auxiliary sorts are disjoint from atoms, collections, and representations.  Annotations are disjoint from paths.  We let Atom denote the union of the atomic sorts.   Mathematically this is expressed by the following formulas where u is an arbitrary element of U.

    Atom(u)  (  FiniteSet(u)  (  List(u)  (  Branch(u)  (  Node(u)  (  Annotation(u)

    Atom(u)  (  Boolean(u)  (  Integer(u)  (  Float(u)  (  String(u)  (  Symbol(u)

    Leaf(u)  (  DLeaf(u)  (  VLeaf(u)

    Node(u)  (  Tree(u)  (  Leaf(u)

    Boolean(u)  (  (( Integer(u)  (  Float(u)  (  String(u)  (  Symbol(u) )

    Integer(u)  (  (( Float(u)  (  String(u)  (  Symbol(u) )

    Float(u)  ( (( String(u)  (  Symbol(u) )

    String(u)  (  (Symbol(u)

    FiniteSet(u)  (   (List(u) 

    DLeaf(u)  (  (VLeaf(u)

    Tree(u)  (  (Leaf(u) 

    Atom(u) (  (( FiniteSet(u)  (  List(u)  (  Branch(u)  (  Node(u) (  Annotation(u) )

    ( FiniteSet(u)  (  List(u)  ) implies (( Node(u)  (  Branch(u) (  Annotation(u) )

    Branch(u) (  (( Node(u) (  Annotation(u) )

    Node(u)  (  ((Annotation(u)  (  Path(u))

These are all the structural' sorts.   In addition there is a sort DomainSpec which contains as subsorts Node and FiniteSet.

2 Functions and Relations

We assume an equality relation, =, which tells us if two elements are the same or not.   Clearly elements belonging to disjoint sorts are not equal.   Given the presence of booleans we can represent relations as predicates or as tests (functions with boolean result).  The functions of IBML are intended to be computable.  In general there is no need to restrict predicates to being computable.  The basic relations of IBML will be computable and they will all have representations as tests.  Sometimes we only specify them as predicates leaving the test implicit.

2.1 Functions on Booleans

The boolean constants are:

   True, False : Boolean

Operations on booleans include

    not : Boolean  (  Boolean

    and, or,  implies : Boolean  Boolean  (  Boolean

with the usual meaning.

    equal  :  U U  (  Boolean   --  the equality test   

    if :  Boolean U U  (  Boolean

where  for u,u' any elements of U

    equal(u,u') = True   (  ( u = u' )

    if(True,u,u') = u   

    if(False,u,u') = u'

2.2 Functions and Relations on Integers and Floats (Numbers)

There are constants to name integers and floats

    ... -2 -1 0 1 2 .... : Integer

   1.1  .5e-3 : Float

etc 

We assume some standard set of arithmetic operations and relations on Integer and Float.  (IEEE or whatever.)   These will include:

    negation, addition, multiplication, division ,  absolute-value, modulo (for integers) 

    tests: less-than,  less-than-equal  greater-than, greater-than-equal

    floor, ceiling … converting Float to Integer

    toFloat  converting Integer to Float

2.3 Functions on Strings

There are constants for strings:

    ""  :  String  --- the empty string   

    "abc"  "hello there" … : String   --- random strings

Operations on strings include 

    string-append:  String String   (  String   --- concatenates two strings

    string-getsubstring:  String  Integer Integer   (   String    

       --- gets the substring starting at the position given by the first integer

       --- having length given by the second integer

       --- returns the empty string of there is no such substring

    string-findsubstring:  String String  (   Integer 

        --- returns the index of  the first occurrence of the second string in the first

        --- returns -1 is there is no such substring

    string-length:  String  (  Integer

2.4 Functions on Annotations

An annotation is a set of labeled items.  Mathematically it is just a finite map from symbols to elements of the universe.   There is an empty annotation together with operations for adding, removing and updating items.

    ? : Annotation  --- the empty annotation

     annotation-getprop : Annotation  Symbol  (  U

        --- gets the value labelled by the  symbol, if one is present

        --- ???  if no such item is present ???

    annotation-addprop : Annotation  Symbol   U  (  Annotation

        --- adds an item with the given label,   nop if the label is already present

    annotation-props : Annotation  (  FiniteSet

        ---  the labels of items in the annotation

    annotation-remprop : Annotation  Symbol  (  Annotation

        ---  removes  the item labeled by the  symbol, if one is present,  

        ---   noop if no such item occurs

   annotation-replace : Annotation  Symbol  U (   Annotation

Annotations are generated from the empty annotation by the annotation-addprop operation.
   In addition to direct construction and manipulation of annotations there are operations for annotating  elements.  For now Lists, FiniteSets, and Nodes are annotatable and for convenience we introduce the sort Annotatable.

    set-annotation :  Annotatable  Annotation  (  Annotatable

    get-annotation:   Annotatable  (  Annotation

where for annotatable u, and annotation a

    get-annotation(set-annotation(u,a)) = a

Annotatables are created with empty annotation.  Setting the annotation does not change the sort of an annotatable.   For example for any element u and annotation a,

    Symbol(u)  (  Symbol(set-annotation(u,a))

It may be convenient to introduce composites of operations on annotations and symbol annotation operations.  For example

    add-prop : Annotatable  Symbol U  (   Annotatable

    rem-prop : Annotatable  Symbol  (   Annotatable

    get-prop : Annotatable  Symbol  (   U

    put-prop : Annotatable  Symbol U  (   Annotatable

    props  :  Annotatable  (  FiniteSet

where for annotatable u,  symbol l,  value v,  we have

    add-prop(u,l,v) = set-annotation(u,annotation-set-prop(get-annotation(u),l,v))

    props(u) = annotation-props(get-annotation(u))

etc. 

2.5 Functions on  Symbols

Operations on symbols include  creation  from a string (its printname or pname), and recovering the string.

    symbol-make : String  (  Symbol

    symbol-pname:  Symbol  (  String

Symbols are generated from strings by the symbol-make operations. 

2.6 Functions on Lists

There is a constant for the empty list,

    () : List

and opeations for constructing and destructuring lists

    cons : U  List  (  List   --   adding an element to a list   

    first : List  (  U   --  the first element of a (non-empty) list

    rest : List  (  List   -- what is left when the first  element is removed

Every list is either the empty list, or constructed by finitely many operations of adding an element to a list.  Thus we can define functions on lists by recursion -- defining the function on () and  on non-empty lists  using the value of the function on the rest of the list (and the first element).   Similarly we can prove properties by list induction.

Letting ls, ls', ls'' be elements of List we have

    first(cons(u,ls)) = u 

    rest(cons(u,ls)) = ls

    ls  (  ()  (  ls = cons(first(ls),rest(ls))

    ls = ls'   (  ( ls = ()  (  ls' = () )  ( 

                       ( ls  (  ()  (  ls'  (  ()  (  first(ls) = first(ls')  (  rest(ls) = rest(ls') )

Regarding annotations for lists we have

    get-annotation(()) = ?  -- the empty list has no annotation

    get-annotation(cons(u,ls)) = get-annotation(ls)

Every list is either the empty list, or constructed by finitely many operations of adding an element to a list.  Thus we can define functions on lists by recursion-- defining the function on () and  on non-empty lists  using the value of the function on the rest of the list (and the first element).   Similarly we can prove properties by list induction.  For example we can define  such useful operations as:

    list-length : List  (  Integer (Natnum actually)

    list-append : List  List  (  List

    list-reverse : List  (  List

    list-get-nth : List Integer  (  U

    list-member : List U (  Boolean

If u_1, ... u_k are elements of U then we write

    (u_1, ..., u_k) for the list cons(u_1, ... cons(u_k,()))

and we have

    list-length(u_1, ..., u_k) = k

    first((u_1, ..., u_k)) = u_1 if k > 0

    rest((u_1, ..., u_k)) = () if k = 1

                               = (u_2, ... u_k) if k > 1

   list-nth((u_1, ..., u_k)), i) = u_i  if 1  (  i  (  k

   list-reverse((u_1, ..., u_k)) = (u_k, ..., u_1)
   list-append((u_1, ..., u_k), (w_1, ..., w_m)) = (u_1, ..., u_k, w_1, ..., w_m)

   list-member((u_1, ..., u_k), u)  = True   if u = u_i for some i such that 1  (  i  (  k 

2.7 Functions on Sets

There is an empty set, written {} and operations to add elements to and delete elements from sets.

  add : FiniteSet U (  FiniteSet --   adding an element to a set    

  delete : FiniteSet U  (  FiniteSet   -- removing and  element from a set

A finite set is either empty or generated by finitely many add operations.  In First-Order Logic we can thus define operations on sets and prove properties of sets by induction as for lists.    For example, adding the membership relation u in s, we have  the following  for elements u and sets s.

Set  Membership Laws

    1. ( u ( {} )

    2.  u ( add(s,u)

    3. ( u ( delete(s,u) )

    4. (u ( s)  (  delete(add(s,u),u) = s

    5.  s = s'  (  (( u)( (u ( s) iff (u ( s') )

    6.  add(delete(s,u),u) = s  (  u  ( s

    7. (u ( s)  (  add(s,u) = s

The 5th law is known as the extensionality principle.  We have

    s (  {} ( (( u)(u ( s)

 however, in practice we need more than add and delete to compute effectively with sets.  If we know that a given element is in s we can remove it.   Given an element u we can check if it is in s.  But with only the above we can not effectively iterate over the elements of s.  There are several possibilities.   Our solution is to add an operation that maps a finite set to a list numerating its elements in some order 
  and the inverse operation.

   set2list : FiniteSet  (  List

   list2set : List ( FiniteSet

Thus we have for lists ls and sets s

     list2set(set2list(s)) =  s

      (( u)( member(ls,u)  =  member(set2list(list2set(ls)),u) )

Using this we can define a set membership test

    member :  FiniteSet  U  (  Boolean

where for sets s and elements u we have

    member(s,u) = member(set2list(s),u)

    u ( s  ( member(s,u)

Thus we can use the membership relation or test according to convenience.   Typically the membership test is for computing and the relation is for stating properties.  But logically they are equally expressive.

Now we can define set operations like union, intersection, difference ... using the extensionality of sets:

    union, intersect, diff : FiniteSet  FiniteSet  (  FiniteSet

    u ( (s union s')  (  (u ( s)  (  (u ( s')

    u ( (s intersect s')  (  (u ( s)  (  (u ( s')

    u ( (s diff s')  (  (u ( s)  (  (u ( s')

Using (ext) we have

    (s union s')  =  (s' union s)     --- commutativity

    ((s union s') union s'')  =  (s union (s' union s''))   --- associativity

    (s union {})  =  s   --- identity

    (s union s)  =  s    --- idempotence

and similar laws for intersection difference.  We also define the inclusion relations on sets where for sets s, s' and elements u: 

  s  (  s'  (   (( u)( (u ( s) (  (u ( s') )

  s  (  s'  (   (( u)( (u ( s) (  (u ( s') ) (  (( u)( (u ( s')  (  (u ( s) )

As for membership we can also define tests (functions with boolean result) for inclusion and proper inclusion.  We omit the details for now.

2.8 Functions and Relations on Branches

Branches are labeled nodes, i.e. pairs consisting of a symbol and a node.   There are operations for constructing a branch from a symbol and a node, and for selecting the label and the node components.

    branch-make  :  Symbol Node (  Branch

    branch-get-label : Branch  (  Symbol

    branch-get-node : Branch  (  Node

For symbol l, and node nd we have

    branch-get-label(branch-make(l, nd))  =  l

    branch-get-node(branch-make(l, nd)) = nd

and for branches b, b' we have

    b  =  branch-make(branch-get-label(b), branch-get-node(b))

    b = b'  (  branch-get-label(b) = branch-get-label(b') 

                      (  branch-get-node(b) =  branch-get-node(b')

2.9 Functions and Relations on Leaves

There are two leaf constructors, one for each leaf subsort, and selectors to recover the argument.

    dLeaf-make : DomainSpec (  DLeaf

    vLeaf-make : U  (  VLeaf

    dLeaf-get-domainSpec : DLeaf  (  DomainSpec

    vLeaf-get-value : VLeaf  (  U

where for DLeaf dl, VLeaf vl, element u, and domain spec ds we have

    dLeaf-get-domainSpec(dLeaf-make(ds)) = ds

    vLeaf-get-value(vLeaf-make(u)) = u

    dl = dLeaf-make(dLeaf-get-domainSpec(dl))

    vl = vLeaf-make(vLeaf-get-value(vl))

    dl = dl'  (  dLeaf-get-domainSpec(dl) =  dLeaf-get-domainSpec(dl')

    vl = vl'  (  vLeaf-get-value(vl) = vLeaf-get-value(vl')

We define additional branch forming operations that compose labeling with leaf construction.

    vBranch-make:  Symbol  U (   Branch

        vBranch-make(l,u) =  branch-make(l,vLeaf-make(u))

    dBranch-make:  Symbol   DomainSpec (   Branch

        dBranch-make(l,ds) =  branch-make(l,dLeaf-make(ds))

2.10 Functions and Relations on  Trees

A tree node is essentially a finite set of uniquely labeled branches.   Thus there is an empty tree node, and operations for adding branches to generate trees.   Selectors reflect the fact that a tree can be considered a finite function from labels to nodes.  There is an operation to get the set of branch labels, and an operation to select a node with a given label, if it exists.

There is also an operation to remove the branch labeled by the symbol if any.

    [] : Tree -- the empty tree

    tree-add-branch :  Tree Branch  (  Tree  

         --  adds a branch if its label is not already  among the branch labels of the tree 

        --- is a no-op if there is a branch with the same label  present in the tree  

    tree-labels : Tree  (  FiniteSet  -- set of branch labels

    tree-get-node : Tree Symbol  (  Node

        --- returns the node of the branch with the given label if  there is such a node,  

        ---  returns the empty tree if  the label is not present

    tree-rem-branch : Tree Symbol  (  Tree 

--- removes the branch with the given label if one is present

For labels (symbols) l,l'  node nd,  and tree t  we have

    tree-add-branch(t,branch-make(l,nd)) =  t if  (l in tree-labels(t))

    tree-rem-branch(tree-add-branch(t, branch-make(l,nd)),l) =  t   if   (l ( tree-labels(t))

    tree-labels([]) = { }

    tree-labels(tree-add-branch(t,branch-make(l,nd))) = { l } union tree-labels(t)  

          if  (l ( tree-labels(t))

    tree-labels(tree-rem-branch(t,l)) =  tree-labels(t)  diff { l }

    tree-get-node( tree-add-branch(t, make-branch(l,nd)) , l) =  nd    if (l ( tree-labels(t))

    tree-get-node(tree-add-branch(t, branch-make(l,nd)) , l')  =  tree-get-node(t,l')   

                if l  ( l'  (  (l' ( tree-labels(t))

Using the constructors and selectors,  additional useful operations can be define.   These include an operation to add a list of branches to a tree, and an operation to replace a branch by one with the same label but different node.

    tree-add-branches  : Tree List  (  Tree  

        --- adds all the branches in the list that have labels not already present in the tree

        --- non-branches in the list are ignored

    tree-replace-node : Tree Symbol Node  (  Tree

If b_1,...,b_k are branches with distinct labels we write [b_1, ..., b_k] for the result of  adding b_1 … b_k to the empty  tree in some order.   Note that this is the same as  adding the list  (b_1 ... b_k)  (or any permutation of  this list).   For tree t,  branch b, and  branch lists bl, bl', we have

    tree-labels( tree-add-branches(bl)} = 

         tree-labels(t)  union   iterate((x)set-add(branch-label(x)), bl, {})

    tree-add-branches(t,()) = t   --  identity 

    tree-add-branches(t,cons(b,bl) = tree-add-branches(tree-add-branch(t,b) ,bl)

    tree-labels-add(t, list-append(bl,bl')) = tree-labels(tree-labels-add(t,bl),bl') 

     tree-labels(tree-labels-add(t,bl),bl')  = tree-labels(tree-labels-add(t,bl'),bl) 

          if the labels of branches in bl are disjoint from the labels of branches in bl'

For tree t, label l, node nd

    tree-replace-node(t,l,nd) = tree-branch-add(tree-rem-branch(t,l),branch-make(l,nd )

          if  (l ( labels(t))

2.11 Functions and Relations on  Paths

A path is essentially a list of symbols used to designate a node in a tree.  There is an empty path that selects the node that it is given,  and a non-empty path tries to follow the branch labeled by its first symbol.  If no such branch exists, the given node is returned, otherwise  the remainder of the path is used to select from the node of the labeled branch.

    mtPath : Path -- the empty path

    path-add :  Symbol Path  (  Path  

    path-get-first : Path  (  Symbol  -- the most recent symbol added [[ what if empty??]]

    path-get-rest :  Path  (   Path   ---   what the most recent symbol was added to  

               [[mt if none??]]

    node-select :  Node  Path  (  Node

For path p, symbol s,  tree t, leaf l

    path-get-first(path-add(s,p)) = s

    path-get-rest(path-add(s,p)) = p

    path-get-rest(mtPath) =  mtPath

    node-select(l,p) = l

    node-select(t,mtPath) = t

    node-select(t,path-add(s,p)) =

        if (s ( tree-labels(t))  then node-select(tree-get-node(t,s),p) else t

3 DomainSpecs

The principle relation on the DomainSpec sort is the membership relation.  A domain spec is a finite description of a domain, and the domainMember relation gives semantics to such descriptions by determining when an element is in the specified domain.   Trees and collections allow us to combine domain specifications.  In addition we postulate a formalism for defining domains that will determine a set of contexts (theories, modules) and domain expressions, and for each context the well-formed domain specs relative to that context.  Thus the domain membership relation is relative to a context and the formalism specifies the membership relation uniformly in the context, for domain expressions that are well-formed domain specs  for that context.    This is extended to nodes containing domain descriptions as follows.   For context G, domain spec ds (relative to G), elements u, v,   sets s,  branches b_i , nodes nd_i we have

    neInDomain(G,ds,u)  (.   neDomainMember(G,dLeaf-make(ds),u) 

    v = u (  neDomainMember(G,vLeaf-make(v),u)

    member(s, u) = True  (   neDomainMember(G,s,u)  

    u  in {   [ branch-make(l,nd) |  

                         l ( tree-labels(t) (
                        neDomainMember(G,branch-get-node(t,l),nd) ] }

        (   neDomainMember{G, [ b_i  | 1  (   i  (   k ], u)  

Furthermore relative to a fixed set of clauses defining neInDomain we take the domain member relation to be the least relation satisfying these clauses.

Lemma: if t is a tree such that all leaves are in VLeaf then 

     neDomainMember(G,t,u) ( u = t

4 Refinement

The refinement relation (refines) on domain specs is based on the interpretation of a node as a domain specification, combined with the notion of subtype as superset for tree nodes.   Since the meaning of a domain specification is in general dependent on a context, the refines relation is parameterized by a context.   Thus for context G, domain specs (relative to G) ds, ds', nodes nu, nu' , elements u, u' and trees t, t', t"  we have

     u = u'   (  vLeaf-make(u)  refines(G)  vLeaf-make(u') 

     ds  refines(G)  ds'  (  dLeaf-make(ds)  refines(G)  dLeaf-make(ds')   

          -- i.e. we expect the formalism to provide its own refinement relation.

    tree-labels(t')  (  tree-labels(t)  (
                   ((  l ( labels(t')( tree-get-node(t,l)  refines(G)  tree-get-node(t',l))

          (   t  refines(G)  t'

    ds  refines(G)  ds'   (  ds'  refines(G)  ds"  (  ds  refines(G)  ds''

Again relative to a set of clauses defining refines on domainspecs other than pure nodes and sets, we take refines(G) to the smallest relation satisfying these clauses and the above. 

Note that transitive closure (the last axiom) means that a tree obtained by picking a set of elements from its domain and then adding a toplevel branch to each one is a refinement of   the original tree. 

Conjecture: there is a puffing operation with respect to a tree skeleton (nodes are ignored)  such that for skeletons S,

   t  refines(G)  t'   (  

        labels(t') ( labels(t) (
        (( u)( neDomainMember(G,t,u) ( neDomainMember(G,Puff(t',skeleton(t),u) )

5 Summary of Functions and Relations

5.1 Booleans

The boolean constants are:

   True, False : Boolean

Operations on booleans include

    not : Boolean  (  Boolean

    and, or,  implies : Boolean  Boolean  (  Boolean

with the usual meaning.

    equal  :  U U  (  Boolean   --  the equality test   

    if :  Boolean U U  (  Boolean

where  for u,u' any elements of U

    equal(u,u') = True   (  ( u = u' )

    if(True,u,u') = u   

    if(False,u,u') = u'

5.2 Integers and Floats (Numbers)

There are constants to name integers and floats

    ... -2 -1 0 1 2 .... : Integer

   1.1  .5e-3 : Float

etc 

We assume some standard set of arithmetic operations and relations on Integer and Float.  (IEEE or whatever.)   These will include:

    negation, addition, multiplication, division ,  absolute-value, modulo (for integers) 

    tests: less-than,  less-than-equal  greater-than, greater-than-equal

    floor, ceiling … converting Float to Integer

    toFloat  converting Integer to Float

5.3 Strings

There are constants for strings:

    ""  :  String  --- the empty string   

    "abc"  "hello there" … : String   --- randome strings

Operations on strings include 

    string-append:  String String   (  String   --- concatenates two strings

    string-getsubstring:  String  Integer Integer   (   String    

       --- gets the substring starting at the position given by the first integer

       --- having length given by the second integer

        ---  returns the emptystring of there is no such substring

    string-findsubstring:  String String  (   Integer 

        --- returns the index of  the first occurrence of the second string in the first

        --- returns -1 is there is no such substring

    string-length:  String  (  Integer

5.4 Annotations   

An annotation is a set of labeled items.  Mathematically it is just a finite map from symbols to elements of the universe.   There is an empty annotation together with operations for adding, removing and updating items.

    ? : Annotation  --- the empty annotation

     annotation-getprop : Annotation  Symbol  (  U

        ---  gets the value labelled by the  symbol, if one is present

        ---  ???  if no such item is present ???

    annotation-addprop : Annotation  Symbol   U  (  Annotation

        ---  adds an item with the given label,   noop if the label is already present

    annotation-props : Annotation  (  FiniteSet

        ---  the labels of items in the annotation

    annotation-remprop : Annotation  Symbol  (  Annotation

        ---  removes  the item labelled by the  symbol, if one is present,  

        ---   noop if no such item occurs

   annotation-replace : Annotation  Symbol  U (   Annotation

Annotations are generated from the empty annotation by the annotation-addprop operation.
   In addition to direct construction and manipulation of annotations there are operations for annotating  elements.  For now Lists, FiniteSets, and Nodes are annotatable and for convenience we introduce the sort Annotatable.    

    set-annotation :  Annotatable  Annotation  (  Annotatable

    get-annotation:   Annotatable  (  Annotation

where for annotatable u, and annotation a

    get-annotation(set-annotation(u,a)) = a

Annotatables are created with empty annotation.  Setting the annotation does not change the sort of an annotatable.   For example for any element u and annotation a,

    Symbol(u)  (  Symbol(set-annotation(u,a))

It may be convenient to introduce composites of  operations on annotations and symbol annotation operations.  For example 

    add-prop : Annotatable  Symbol U  (   Annotatable

    rem-prop : Annotatable  Symbol  (   Annotatable

    get-prop : Annotatable  Symbol  (   U

    put-prop : Annotatable  Symbol U  (   Annotatable

    props  :  Annotatable  (  FiniteSet

where for annotatable u,  symbol l,  value v,  we have

    add-prop(u,l,v) = set-annotation(u,annotation-set-prop(get-annotation(u),l,v))

    props(u) = annotation-props(get-annotation(u))

etc. 

5.5 Symbols

Operations on symbols include  creation  from a string (its printname or pname), and recovering the string.

    symbol-make : String  (  Symbol

    symbol-pname:  Symbol  (  String

Symbols are generated from strings by the symbol-make operations. 

5.6 Lists

There is a constant for the empty list,

    () : List

and opeations for constructing and destructuring lists

    cons : U  List  (  List   --   adding an element to a list   

    first : List  (  U   --  the first element of a (non-empty) list

    rest : List  (  List   -- what is left when the first  element is removed

Regarding annotations for lists we have

    get-annotation(()) = ?  -- the empty list has no annotation

    get-annotation(cons(u,ls)) = get-annotation(ls)  

    list-length : List  (  Integer (Natnum actually)

    list-append : List  List  (  List

    list-reverse : List  (  List

    list-get-nth : List Integer  (  U

    list-member : List U (  Boolean  

If u_1, ... u_k are elements of U then we write

    (u_1, ..., u_k) for the list cons(u_1, ... cons(u_k,()))

   list-nth((u_1, ..., u_k)), i) = u_i  if 1  (  i  (  k

   list-reverse((u_1, ..., u_k)) = (u_k, ..., u_1)
   list-append((u_1, ..., u_k), (w_1, ..., w_m)) = (u_1, ..., u_k, w_1, ..., w_m)

   list-member((u_1, ..., u_k), u)  = True   if u = u_i for some i such that 1  (  i  (  k 

5.7 Sets

There is an empty set, written {} and operations to add elements to and delete elements from sets. 

  add : FiniteSet U (  FiniteSet --   adding an element to a set    

  delete : FiniteSet U  (  FiniteSet   -- removing and  element from a set

 Our solution is to add an operation that maps a finite set to a list.

   set2list : FiniteSet  (  List

   list2set : List ( FiniteSet

    member :  FiniteSet  U  (  Boolean

    union, intersect, diff : FiniteSet  FiniteSet  (  FiniteSet

We also define the inclusion relations on sets where for sets s, s' and elements u: 

  s  (  s'  (   (( u)( (u ( s) (  (u ( s') )

  s  (  s'  (   (( u)( (u ( s) (  (u ( s') ) (  (( u)( (u ( s')  (  (u ( s) )

As for membership we can also define tests (functions with boolean result) for inclusion and proper inclusion.  We omit the details for now.

5.8 Branches

Branches are labeled nodes, i.e., pairs consisting of a symbol and a node.   There are  operations for constructing a branch from a symbol and a node, and for selecting the label and the node components.

    branch-make  :  Symbol Node (  Branch

    branch-get-label : Branch  (  Symbol

    branch-get-node : Branch  (  Node

For symbol l, and node nd we have

    branch-get-label(branch-make(l, nd))  =  l

    branch-get-node(branch-make(l, nd)) = nd

and for branches b, b' we have

    b  =  branch-make(branch-get-label(b), branch-get-node(b))

    b = b'  (  branch-get-label(b) = branch-get-label(b') 

                      (  branch-get-node(b) =  branch-get-node(b')

5.9 Leaves

The are two leaf constructors, one for each leaf subsort, and selectors to recover the  argument.

    dLeaf-make : DomainSpec (  DLeaf

    vLeaf-make : U  (  VLeaf

    dLeaf-get-domainSpec : DLeaf  (  DomainSpec

    vLeaf-get-value : VLeaf  (  U

We define additional branch forming operations that compose labeling with leaf construction.

    vBranch-make:  Symbol  U (   Branch

        vBranch-make(l,u) =  branch-make(l,vLeaf-make(u))

    dBranch-make:  Symbol   DomainSpec (   Branch

        dBranch-make(l,ds) =  branch-make(l,dLeaf-make(ds))

5.10 Trees

A tree node is essentially a finite set of uniquely labeled branches.   Thus there is an empty tree node, and  an operations for adding branches to generate trees.   Selectors reflect the fact that a tree can be considered a finite function from labels to nodes.  There is an operation to get the set of branch labels, and an operation to select a node with a given label, if it exists.   There is also an operation to remove the branch labeled by the symbol if any.

    [] : Tree -- the empty tree

    tree-add-branch :  Tree Branch  (  Tree  

         --  adds a branch if its label is not already  among the branch labels of the tree 

        --- is a no-op if there is a branch with the same label  present in the tree  

    tree-labels : Tree  (  FiniteSet  -- set of branch labels

    tree-get-node : Tree Symbol  (  Node

        --- returns the node of the branch with the given label if  there is such a node,  

        ---  returns the empty tree if  the label is not present

    tree-rem-branch : Tree Symbol  (  Tree 

        --  removes the branch with the given label if one is present    

    tree-get-node(tree-add-branch(t, branch-make(l,nd)) , l')  =  tree-get-node(t,l')   

                if l  ( l'  (  (l' ( tree-labels(t))

    tree-add-branches  : Tree List  (  Tree  

        --- adds all the branches in the list that have labels not already present in the tree

        --- non-branches in the list are ignored

    tree-replace-node : Tree Symbol Node  (  Tree

5.11 Paths

A path is essentially a list of symbols used to designate a node in a tree.  There is an empty path that selects the node that it is given,  and a non-empty path tries to follow the branch labeled by its first symbol.  If no such branch exists, the given node is returned, otherwise  the remainder of the path is used to select from the node of the labeled branch.

    mtPath : Path -- the empty path

    path-add :  Symbol Path  (  Path  

    path-get-first : Path  (  Symbol  -- the most recent symbol added [[ what if empty??]]

    path-get-rest :  Path  (   Path   ---   what the most recent symbol was added to  

               [[mt if none??]]

    node-select :  Node  Path  (  Node

5.12 DomainSpecs

The principle relation on the sort DomainSpec is the membership relation.  A domain spec is a finite description of a domain, and the domainMember relation gives semantics to such descriptions by determining when an element is in the specified domain

For context G, domain spec ds (relative to G), elements u, v,   sets s,  branches b_i , nodes nd_i we have

    neInDomain(G,ds,u)  (.   neDomainMember(G,dLeaf-make(ds),u) 

    v = u (  neDomainMember(G,vLeaf-make(v),u)

    member(s, u) = True  (   neDomainMember(G,s,u)  

    u  in {   [ branch-make(l,nd) |  

                         l ( tree-labels(t) (
                        neDomainMember(G,branch-get-node(t,l),nd) ] }

        (   neDomainMember{G, [ b_i  | 1  (   i  (   k ], u) 

Furthermore relative to a fixed set of clauses defining neInDomain we take the domain member relation to be the least relation satisfying these clauses.

The following is there to ease the typesetting pain in Word.  Will go away when the document is DONE.
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� We need to think carefully about notions of equality.   Perhaps = or equal should be the naïve intension equality which is sensitive to annotations and additional notions added such as symbol-equal which is true just if the two symbols have the same pname.   Similarly we can have list-equal, leaf-equal …


We should probably suspend decision until we see what equality tests we really want to make.


� This is tricky because there are many ways to construction the same set by adding elements to the empty set.  To obtain the associated list we have to pick one that is determined by only by the elements of the set.  That is we have to have a total order on U (or at least on those elements that go into finite sets that we want to list).





� I think we should use these english names for the tests and use the normal  symbols for relations?


� Note that this captures extensional equality not intensional equality.   Need to check such equations once we decide how to deal with this.


� For trees that are not otherwise interpreted by G???


�  need to distinguish domain spec expressions from the general domain specs that include nodes and sets.  the transitivity rule applies to the latter.  inDomain and base case refines applies to the former.


� We need to think carefully about notions of equality.   Perhaps = or equal should be the naïve intension equality which is sensitive to annotations and additional notions added such as symbol-equal which is true just if the two symbols have the same pname.   Similarly we can have list-equal, leaf-equal …


We should probably suspend decision until we see what equality tests we really want to make.
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